Abstract: This paper extends the classic Samuelson (1970) and Merton (1973) model of optimal portfolio allocation with one risky asset and a riskless one to include the effect of the skewness. Using an extended version of Stein's Lemma, we provide the explicit solution for optimal demand that holds for all expected utility maximizing investors when the risky asset is skew-normally and normally distributed. A closed expression is achieved for investors with constant absolute risk aversion (CARA).
Introduction
A well-known result in portfolio selection is that optimal asset weights are multiplicatively separable into investor risk aversion and market price of risk (see, e.g., Tobin, 1958; Samuelson, 1970; Merton, 1973) . The correctness of this statement can be proved for all rational investors who invest in one risk-free asset and one normally distributed risky asset (see Rubinstein, 1973) . The motivation for this paper is the growing body of empirical literature that documents the inconsistency of the normality assumption, especially with respect to the significant skewness observed in asset returns (see, e.g., Su and Hung, 2011; Xu et al., 2011; Peiró, 1999) . We model the risky return with a skew-normal distribution (see Azzalini, 1985; Adcock and Shutes, 2001 ) that has many attractive features for modeling real asset returns (see Adcock, 2007; Harvey et al., 2010) . A skew-normal variable is defined as a Gaussian perturbed via the addition of a skewness shock given by a truncated Gaussian.
The contribution of this paper is to derive the optimal allocation for a skew-normal portfolio which holds for all expected utility maximizing investors. The solution is an analog of the classical Samuelson-Merton optimal portfolio solution with the addition of a term dependent on the skewness shock and the agent utility function. In the special case, the investor has constant absolute risk aversion (CARA) a closed expression can be set up. We show that under feasible conditions a CARA agent invests more in a skew-normal asset than in a normal one if the skewness shock is positive, and vice versa if it is negative.
The Model Set-Up
We consider an investor with initial unitary wealth who can invest in a risk-free asset and in a risky asset with returns f R and R, respectively, at the end of the period. The final wealth is given by
where 
Due to the strictly concavity of u, the optimum * N  is unique (see Samuelson (1970) ; Merton (1973) ; the seminal proof can be traced back to Rubinstein (1973) ).
The Skew-Normal Return Case
We now model the risky asset with the extended version of a skew-normal distribution proposed by Adcock and Shutes (2001) . We denote the skew-normal 
Denoted by  and  the cumulative distribution and the density function of a standard normal variable, the mean and the variance of R are, respectively
; see Adcock and How skewness influences optimal allocation in a risky asset 4 Shutes (2001). Since R is the sum of two independent variables, the skewness is just the sum of the skewness of addenda, so
positive (the proof is available from the authors upon request), it follows that
 
Sk R has the same sign of  .
We compute the optimal allocation for R~ 
where
Proof. See the Appendix. Since Stein's Lemma holds independently on the utility function u, the optimal allocation (3) holds for all expected utility investors. That is given by a term multiplicatively separable into investor risk aversion  appears in the both hand-sides of (3), so its closed expression is achievable only if the utility function is specified.
Normal versus Skew-Normal for CARA utility
We now investigate how the optimal risky allocation varies as the risky asset moves from normal to skew-normal. To compare Equations (2) and (3) we assume that the agent is endowed with constant risk aversion
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where * N  is defined in (2.1).
Proof. See the Appendix. Formula (4) highlights the fact that the direction of change We now conjecture how the optimal allocation changes as a skewness shock occurs.
We assume that the agent exhibits preference for odd order moments (as mean and skewness) and dislike even order moments (variance, kurtosis); see for example Scott and Horvath (1980) . If 0   the first three moments move to desirable directions, however due to the favourable probability mass shift it seems reasonable to expect an increase in the risky asset allocation under possible restrictions on the d It is worthwhile noting that 
T T e
                                    such that
Conclusion
A positive skewness shock thus induces CARA investors to allocate more in a skewnormal asset than in a normal one, and vice versa if the skewness shock is negative. 
. Then, substituting above in Equation (1), we obtain:
Solving with respect to SN  , the optimal allocation becomes:
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Proof of Proposition 2.
We write (3) 
, solution (4) follows. And that concludes the proof.
Proof of Proposition 3.
We rewrite 
